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Abstract
We study the distribution of quantum steerability for continuous variables between two causally discon-
nected open charts in de Sitter space. It is shown that quantum steerability suffers from “sudden death” in
de Sitter space, which is quite different from the behaviors of entanglement and discord because the latter
always survives and the former vanishes only in the limit of infinite curvature. It is found that the attainment
of maximal steerability asymmetry indicates a transition between unidirectional steerable and bidirectional
steerable. Unlike in the flat space, the asymmetry of quantum steerability can be completely destroyed in
the limit of infinite curvature for the conformal and massless scalar fields in de Sitter space.
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I. INTRODUCTION
Einstein-Podolsky-Rosen steering [1] captures the fact that one observer, can nonlocally ma-
nipulates, or steers, the state of the other subsystem by performing measurements on one-half of
an entangled state. Originally realized by Schro¨dinger [2, 3], quantum steerability has been under-
stood as a form of intermediate nonlocal correlation between Bell nonlocality and entanglement.
It is recognized that steerability is an important resource for quite a few quantum information pro-
cessing tasks, such as one-sided device-independent quantum key distribution [4, 5] and subchan-
nel discrimination [6]. In practice, different from the Bell tests, the demonstration of quantum
steerability which is free of detection and locality loopholes is in reach [7], which make quan-
tum steerability a ponderable concept in quantum information theory. For the foregoing reasons,
quantum steerability has recently attracted increasing interest both from theoretical [8–17] and
experimental [18–22] perspectives. Most recently, Tischler et.al reported an experimental demon-
stration of unidirectional steering, which is free either of the restrictions on the type of allowed
measurements or of assumptions about the quantum state at hand [23].
On the other hand, it is of great interest to study the behavior of quantum entanglement and
other quantum correlations for discrete variables between causally disconnected regions in the
context of cosmology [24–32]. In particular, we know that any two mutually separated regions
eventually become causally disconnected in the exponentially expanding de Sitter space. The Bo-
goliubov transformations between the open chart vacua and the Bunch-Davies vacuum which have
support on both regions of a free massive scalar field were derived in [33]. Later, quantum cor-
relations of scalar fields [34–37], Dirac fields [38] and axion fields [39, 40] were studied in de
Sitter space. In [41, 42], the authors studied the observable effect of quantum information on the
cosmic microwave background since there are some entanglement between causally separated re-
gions in de Sitter space. Like entanglement, quantum steerability is one kind of nonlocal quantum
correlation which admits no equivalent in classical physics. Therefore, it is important to study the
quantum steering between causally disconnected regions of de Sitter space because one can never
communicate classically between them.
In this paper we present a quantitative investigation on the distribution of steerability in de
Sitter space by employing an operational measure of quantum steerability for continuous variable
systems [43] . We consider the sharing of quantum steerability among three subsystems: subsys-
tems A (observed by Alice) and B (observed by Bob) in region R, and subsystem B¯ observed by
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an imaginary observer anti-Bob who is restricted to region L of de Sitter space. We will derive
the phase-space description of quantum state evolution for continuous variables basing on the Bo-
goliubov transformation between the open chart vacua and the Bunch-Davies vacuum. It is found
that the quantum steerability between Alice and Bob is apparently affected by the curvature of
de Sitter space when the mass parameter ν approaches to the limit of ν = 1/2 (conformal) and
ν = 3/2 (massless). At the same time, Bob and antiBob can steer each other when the curvature
is strong enough even though they are separated by the event horizon, which verifies the nonlocal
peculiarity of quantum steerability.
The outline of the paper is as follows. In Sec. II we discuss the dynamics of mode functions and
Bogoliubov transformations in de Sitter space. In Sec. III we review the definition and measure of
bipartite Gaussian quantum steerability. In Sec. IV we study the distribution of Gaussian quantum
steerability in de Sitter space. The last section is devoted to a brief summary.
II. QUANTIZATION OF SCALAR FIELD IN DE SITTER SPACE
We consider a free scalar field φ with mass m initially observed by two experimenters, Alice
and Bob, in tthe Bunch-Davies vacuum of de Sitter space. The coordinate frames of open charts
in de Sitter space can be obtained by analytic continuation from the Euclidean metric. As shown
in Fig. (1), the spacetime geometry of de Sitter space in open charts is divided into three parts
denoting by R, L and C, respectively. We assume that the observer Bob is restricted to region R,
which is causally disconnected from region L. The metrics for the two causally disconnected open
charts R and L in the de Sitter space are given by
ds2R = H
−2 [−dt2R + sinh2 tR (dr2R + sinh2 rR dΩ2)] ,
ds2L = H
−2 [−dt2L + sinh2 tL (dr2L + sinh2 rL dΩ2)] , (1)
where dΩ2 is the metric on the two-sphere and H−1 is the Hubble radius.
Solving the Klein-Gordon equation in different regions, one obtains
uσpℓm(tR(L), rR(L),Ω) ∼ H
sinh tR(L)
χp,σ(tR(L)) Ypℓm(rR(L),Ω) ,
−L2Ypℓm =
(
1 + p2
)
Ypℓm , (2)
with Ypℓm being harmonic functions on the three-dimensional hyperbolic space. In Eq. (2)
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FIG. 1: (Color online) The Penrose diagram of the de Sitter space, in which L and R are the two causally
disconnected regions described by the open charts.
χp,σ(tR(L)) are positive frequency mode functions supporting on the R and L regions [33]
χp,σ(tR(L)) =


epip−iσe−ipiν
Γ(ν+ip+ 1
2
)
P ip
ν− 1
2
(cosh tR)− e−pip−iσe−ipiνΓ(ν−ip+ 1
2
)
P−ip
ν− 1
2
(cosh tR) ,
σepip−i e−ipiν
Γ(ν+ip+ 1
2
)
P ip
ν− 1
2
(cosh tL)− σe−pip−i e−ipiνΓ(ν−ip+ 1
2
)
P−ip
ν− 1
2
(cosh tL) ,
(3)
where P±ip
ν− 1
2
are the associated Legendre functions and σ = ±1 distinguishing the inde-
pendent solutions for each region. These solutions can be normalized by the factor Np =
4 sinhπp
√
coshπp−σ sinπν√
π |Γ(ν+ip+ 1
2
)| . In addition, p is a positive real parameter normalized by H , and ν is a
mass parameter ν =
√
9
4
− m2
H2
. Note that the effect of the curvature of the three-dimensional
hyperbolic space starts to appear around p ∼ 1 [32, 37]. In addition, the effect of curvature gets
stronger as p becomes smaller than 1. Therefore, p can be regarded as the curvature parameter of
the de Sitter space. It is known that there are two special values for the mass parameter ν: ν = 1/2
(m2 = 2H2) for the conformally coupled massless scalar field, and ν = 3/2 for the minimally
coupled massless limit.
The scalar field can be expanded in terms of the creation and annihilation operators:
φˆ(t, r,Ω) =
H
sinh t
∫
dp
∑
ℓ,m
φpℓm(t)Ypℓm(r,Ω) , (4)
where the Fourier mode field operator φpℓm(t) ≡
∑
σ
[
aσpℓm χp,σ(t) + a
†
σpℓ−m χ
∗
p,σ(t)
]
has been
introduced, and aσpℓm|0〉BD = 0 is the annihilation operator of the Bunch-Davies vacuum. For
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simplicity, hereafter we omit the indices p, ℓ, m of φpℓm, aσpℓm and a
†
σpℓ−m. Similarly, the mode
functions and the associated Legendre functions are rewritten in simple forms: χp,σ(t) → χσ,
P ipν−1/2(cosh tR,L)→ PR,L, and P−ipν−1/2(cosh tR,L)→ PR∗,L∗.
Then we consider the positive frequency mode functions
ϕq =

 N˜
−1
p P
q in region q ,
0 in the opposite region ,
N˜p =
√
2p
|Γ(1 + ip)| , (5)
for the R or L vacuum which are defined only on the q = (R,L) region, respectively. Since the
Fourier mode field operator should be the same under the change of mode functions, we can relate
the operators (aσ, a
†
σ) and (bq, b
†
q) by a Bogoliubov transformation
φ(t) = aσ χ
σ + a†σ χ
σ∗ = bq ϕq + b†q ϕ
q∗ , (6)
where the creation and annihilation operators (bq, b
†
q) in different regions are introduced to ensure
bq|0〉q = 0.
Using the Bogoliubov transformation between the operators, the Bunch-Davies vacuum can be
constructed from the vacuum states over |0〉q in regions R and L, which is
|0〉BD ∝ exp
(
1
2
∑
i,j=R,L
mij b
†
i b
†
j
)
|0〉R|0〉L , (7)
wheremij is a symmetric matrix determined by aσ|0〉BD = 0:
mij =
√
2 e−pπ√
cosh 2πp+ cos 2πν

 cos πν i sinh pπ
i sinh pπ cosπν

 .
We can see that the Bunch-Davies vacuum is in fact an entangled two mode squeezed state in the
HR ⊗ HL Hilbert space. It is worth noting that the density matrix ρ = |0〉BD BD〈0| is diagonal
only for ν = 1/2 or 3/2.
To make the calculation easier for tracing out the degrees of freedom in the L space later, a
diagonal density matrix like
|0〉BD = N−1γp exp
(
γp c
†
R c
†
L
)
|0〉R′|0〉L′ , (8)
is required. To this end we introduce new operators cq = (cR, cL) that satisfy [32, 37]
cR = u bR + v b
†
R , cL = u
∗ bL + v∗ b
†
L . (9)
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Apparently, this Bogoliubov transformation does not mix the operators in the open chart R and
those in open chart L. Note that the condition |u|2−|v|2 = 1 is assumed to ensure the commutation
relation [ci, (cj)
†] = δij . The normalization factor Nγp in Eq. (8) is given by
N2γp =
∣∣∣exp (γp c†R c†L ) |0〉R′|0〉L′∣∣∣2 = 11− |γp|2 . (10)
Considering the definition of cR and cL in Eq. (9) and the consistency relations from Eq. (8), it is
demanded that cR|0〉BD = γp c†L|0〉BD, cL|0〉BD = γp c†R|0〉BD, which give [32, 37]
γp =
1
2ζ
[
−ω2 + ζ2 + 1−
√
(ω2 − ζ2 − 1)2 − 4ζ2
]
,
where we defined ω ≡ mRR = mLL and ζ ≡ mRL = mLR in Eq. (8). Putting the matrix elements
of Eq. (8) into Eq. (11), we obtain
γp = i
√
2√
cosh 2πp+ cos 2πν +
√
cosh 2πp+ cos 2πν + 2
. (11)
For the conformally coupled massless scalar (ν = 1/2) and the minimally coupled massless scalar
(ν = 3/2), γp simplifies to |γp| = e−πp.
III. MEASUREMENTOF QUANTUM STEERABILITY FOR CONTINUOUS VARIABLES
In this section we introduce the definition and measurement of quantum steerability for con-
tinuous variables. We consider a bosonic bipartite continuous variable quantum system [45]
represented by (n + m) modes. The bipartite state consist of two subsystems: the first sub-
system is observed by Alice (A) with n modes and the second subsystem for Bob (B) of m
modes. For each mode i, the corresponding phase-space operators xˆ
A(B)
i , pˆ
A(B)
i are defined by
aˆAi =
xˆAi +ipˆ
A
i√
2
and aˆBi =
xˆBi +ipˆ
B
i√
2
. These phase-space variables grouped for convenience into the
vector Rˆ = (xˆA1 , pˆ
A
1 , . . . , xˆ
A
n , pˆ
A
n , xˆ
B
1 , pˆ
B
1 , . . . , xˆ
B
m, pˆ
B
m)
T, satisfying the canonical commutation re-
lations [Rˆi, Rˆj] = iΩij , with Ω =
⊕n+m
1
(
0 1
−1 0
)
being the symplectic form. The character of a
Gaussian state ρAB is is completely prescribed by its first and second statistical moments. The
latter is a covariance matrix with elements σij = Tr
[{Rˆi, Rˆj}+ ρAB] and can always be put into a
block form
σAB =

 A C
CT B

 . (12)
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Here the submatrices A and B are the covariance matrixes corresponding to the reduced states of
Alice’s and Bob’s subsystems respectively. In addition, a covariance matrix σAB that can describe
a physical quantum state if and only if (iff ) the bona fide uncertainty principle relation
σAB + i (ΩAB) ≥ 0, (13)
is satisfied.
Now let us give the definition of quantum steerability in continuous variable systems. We
consider a pair of local observables RA ( on A with outcome rA) and RB (on B with outcome rB)
in a bipartite state ρAB . After Alice performs a set of measurementsMA, the state is steerable iff
it is not possible to express the joint probability as [8]
P (rA, rB|RA, RB, ρAB) =
∑
λ
℘λ ℘ (rA|RA, λ)P (rB|RB, ρλ) , (14)
where ℘λ and ℘ (rA|RA, λ) are probability distributions, involving the local hidden variable λ. In
addition, P (rB|RB, ρλ) is the conditional probability distribution associated to the extra condition
of being evaluated on the state ρλ. Like the Bell nonlocality, quantum steering is exhibited in a
state iff the correlations between A and B cannot be explained by a local hidden variable model.
In other words, at least one measurement set is required to violate the expression when ℘λ is fixed
across all measurements.
As proposed in [8], a Gaussian state ρAB is A→ B steerable iff the condition
σAB + i (0A ⊕ ΩB) ≥ 0,
is violated by Alice’s Gaussian measurements. Employing Eq. (12), we can see that the inequality
given in Eq. (B4) equals to two simultaneous conditions: (i) A > 0, and (ii) MBσ + iΩB ≥ 0,
with MBσ = B − CTA−1C being the Schur complement of A in the CM σAB . Note that the first
condition is always verified because A is a physical covariance matrix. Therefore, σAB is A→ B
steerable iff the symmetric and positive definite 2m×2m matrixMBσ is not a bona fide covariance
matrix [8].
According to Williamson’s theorem [46], the symmetric matrixMBσ is diagonalized by a sym-
plectic transformation SB such that SBM
B
σ S
T
B = diag{ν¯B1 , ν¯B1 , . . . , ν¯Bm, ν¯Bm}, where {ν¯Bj } are the
symplectic eigenvalues ofMBσ . Then the degree of A→ B steerability can be measured by [43]
GA→B(σAB) := max
{
0, −
∑
j:ν¯Bj <1
ln(ν¯Bj )
}
, (15)
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which quantifies the amount by which the condition given by Eq. (15) fails to be fulfilled. This is
the Gaussian A→ B steerability, which is invariant under local symplectic operations, it vanishes
iff the state described by Eq. (12) is nonsteerable by Gaussian measurements. In other words, the
A→ B steerability in fact quantifies the degree by which the condition (15) fails to be fulfilled by
Alice’s measurement.
If the steered party Bob has one mode only, the A→ B steerability acquires this form [43]
GA→B(σAB) = max
{
0, S(σA)− S(σAB)
}
, (16)
with S(σ) = 1
2
ln(det σ) being the Re´nyi-2 entropy [47]. Also, the Gaussian B → A steerabil-
ity can be defined by swapping the roles of A and B in Eq. (B7). In a quantum information
scenario, quantum steerability corresponds to the task of quantum information distribution by an
untrusted party [8]. If Alice and Bob share a A → B steerable state, the untrusted Alice is able
to convince Bob that the shared state is entangled by performing local measurements and classical
communication [8].
IV. DISTRIBUTION OF GAUSSIAN QUANTUM STEERABILITY IN DE SITTER SPACE
A. Reduction of quantum steerability between initially correlated modes
We assume that Alice is a global observer who stays at the Bunch-Davies vacuum, while Bob is
an open chart observer resides in the R region of the de Sitter space. The initial state of the modes is
prepared by an entangled Gaussian two-mode squeezed state in the Bunch-Davies vacuum, which
is described by the covariance matrix
σ
(G)
AB (s) =


cosh(2s) 0 sinh(2s) 0
0 cosh(2s) 0 − sinh(2s)
sinh(2s) 0 cosh(2s) 0
0 − sinh(2s) 0 cosh(2s)

 , (17)
where s is the squeezing of the initial state. The derivation of the covariance matrix for a two-mode
squeezed state is given in Appendix A. In Eq. (17), the basic vectors of the covariance matrix are
|ij〉 = |i〉A|j〉B, which denote the state are observer by Alice (A) and Bob (B). Considering there
is no initial correlation between the entire state σ
(G)
AB (s) and the subsystem observed by anti-Bob,
the initial covariance matrix of the entire system is σ
(G)
AB (s)⊕ IB¯ .
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As showed in [32], the Bunch-Davies vacuum for a global observer can be expressed as a
two-mode squeezed state of the R and L vacua
|0〉BD =
√
1− |γB|2
∞∑
n=0
γnB|n〉L|n〉R ,
where γB is the squeezing parameter given in Eq. (11). In the Fock space, the two-mode squeezed
state can be obtained by |0〉BD = UˆR,L(γp)|0〉R|0〉L, where UˆR,L(γp) = eγp(cˆ†Rcˆ†L−cˆRcˆL) is the two
mode squeezing operator. In the phase space, such transformation can be expressed by a symplec-
tic operator
SB,B¯(γB) =
1√
1− |γB|2


1 0 |γB| 0
0 1 0 −|γB|
|γB| 0 1 0
0 −|γB| 0 1

 (18)
where |kl〉 = |k〉B|l〉B¯, which denotes that squeezing transformation are performed to the bipartite
state shared between Bob and anti-Bob (B¯).
Under this transformation, the mode observed by Bob is mapped into two open charts. That is
to say, an extra set of modes B¯ becomes relevant from the perspective of a observer in the open
charts. Therefore, a complete description of the system involves three modes, mode A described
by Alice, mode B described by the Bob in the R chart, and mode B¯ by a hypothetical observer
anti-Bob confined in the L chart. The covariance matrix of the entire state is given by [44]
σABB¯(s, γB) =
[
IA ⊕ SB,B¯(γB)
][
σ
(G)
AB (s)⊕ IB¯
]
[
IA ⊕ SB,B¯(γB)
]
, (19)
where SB,B¯(γB) is the phase-space representation of the two-mode squeezing transformation given
in Eq. (18). For detail please see Appendix B.
Because Bob in chart R have no access to the modes in the causally disconnected L region, we
must therefore trace over the inaccessible modes. Taking the trace over mode B¯ in chart L, one
obtains covariance matrix σAB(s, γB) for Alice and Bob
σAB(s, γB) =


cosh(2s) 0 sinh(2s)√
1−|γB |2
0
0 cosh(2s) 0 − sinh(2s)√
1−|γB |2
sinh(2s)√
1−|γB |2
0 |γB |
2+cosh(2s)
1−|γB|2 0
0 − sinh(2s)√
1−|γB |2
0 |γB |
2+cosh(2s)
1−|γB|2


. (20)
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Employing Eq. (B5), the A→ B Gaussian steerability is found to be
GA→B = max{0, ln cosh(2s)(1−|γB |2)
1+|γB|2 cosh(2s)
}
. (21)
From Eq. (21) we can see that theA→ B Gaussian steerability depends not only the squeezing
parameter s, but also the curvature parameter p and mass parameter ν of the de Sitter space. To
check if the quantum steerability is symmetric in de Sitter space, we also calculate the steerability
GB→A
GB→A = max{0, ln cosh(2s)+|γB |2
1+|γB|2 cosh(2s)
}
. (22)
Since the A → B steering and the B → A steering are defined in terms of measurements per-
formed by different observers, the quantum steering is asymmetry in general. In this paper the
asymmetry between A and B appears because the squeezing transformation only acts between
Bob and anti-Bob. As we can see from Eq. (19), the symplectic operator for the entire system is[
IA ⊕ SB,B¯(γB)
]
, which leads the asymmetry between Alice and Bob.
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FIG. 2: (Color online). The Gaussian quantum steerability GA→B (left) and GB→A (right) as functions of
the curvature parameter p and mass parameter ν of the de Sitter space. The initial squeezing parameter of
the two-mode squeezed state is fixed as s = 0.5.
In Fig. (1) we plot the steerability GA→B (left) and GB→A (right) as functions of the curvature
parameter p and mass parameter ν for a fixed squeezing s = 0.5. We can see that both the
A→ B and B → A steerability monotonically decrease with the decrease of curvature parameter
p, which means that space curvature in de Sitter space will destroy the steerability between the
initially modes. However, the quantum steerability is apparently affected by the curvature of de
Sitter space only around ν = 1/2 (conformal scalar limit) and ν = 3/2 (massless scalar limit). It is
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shown that for ν = 1/2 (conformal) and ν = 3/2 (massless), theB → A steerability vanishes only
in the limit of infinite curvature p → 0. However, the A → B steerability suffers from “sudden
death” when the parameters satisfy |γB| =
√
1−sech(2s)
2
, which is quite different from the behavior
entanglement and discord in de Sitter space. It was found that quantum discord always survives
[32] while entanglement negativity vanishes only in the limit of infinite curvature [34–37].
The “sudden death” of quantum steerability indicates the fact that it reduces to zero for finite
curvature in de Sitter space, while entanglement vanishes only in the limit of infinite curvature.
That is to say, comparing with entanglement, quantum steerability is more sensitive under the
influence of space curvature. The physical interpretation of this behavior is very intuitive. It is
known that a quantum state with η0 ≤ η < ηe is entangled, where η0 = µAµB + |µA − µB|,
ηe =
√
µ2A + µ
2
B − µ2Aµ2B and µA(B) = 1/
√
detA(B) [43]. However, a quantum state which
satisfies η ≥ {µA, µB}is nonsteerable; a state with η < µB is A → B steerable; while a state
with η < µA is B → A steerable, which are within the entangled region.This again proves the fact
that quantum steerability is an intermediate nonlocal correlation between entanglement and Bell
nonlocality .
B. Generating quantum steerability between initially uncorrelated modes
To explore the distribution of quantum steerability in de Sitter space, we have to know the
behavior of steerability between all the bipartite pairs in the tripartite quantum system. Tracing
over the modes in B, we obtain the covariance matrix σAB¯(s, γB) between the mode observed by
Alice in the R region and anti-Bob in L region
σAB¯(s, γB) =


cosh(2s) 0 |γB | sinh(2s)√
1−|γB |2
0
0 cosh(2s) 0 |γB | sinh(2s)√
1−|γB |2
|γB | sinh(2s)√
1−|γB |2
0 1+|γB |
2 cosh(2s)
1−|γB |2 0
0 |γB | sinh(2s)√
1−|γB |2
0 1+|γB |
2 cosh(2s)
1−|γB |2


. (23)
Interestingly, we find the mode described by Alice the mode described by anti-Rob cannot steer
each other because GA→B¯ = GB¯→A = 0 for any parameters. In fact, this bipartite state is separable
under the Peres-Horodecki separability criterion for continuous variable systems [48].
We also interested in the steerability between modeB in theR region and anti-Bob in L region,
which are separated by the event horizon of the de Sitter space. Tracing over the modes in A, we
11
obtain the covariance matrix σBB¯(s, γB) for Bob and anti-Bob
σBB¯(s, γB) =


|γB |2+cosh(2s)
1−|γB|2 0
2|γB | cosh2(s)
1−|γB |2 0
0 |γB |
2+cosh(2s)
1−|γB |2 0 −
2|γB | cosh2(s)
1−|γB |2
2|γB | cosh2(s)
1−|γB|2 0
1+|γB |2 cosh(2s)
1−|γB |2 0
0 −2|γB | cosh2(s)
1−|γB|2 0
1+|γB |2 cosh(2s)
1−|γB |2

 . (24)
Then we calculate the B → B¯ and B¯ → B steerability, which are found to be
GB→B¯ = max{0, ln 1+sech(2s)|γB|2
1−|γB |2
}
, (25)
and
GB¯→B = max{0, ln sech(2s)+|γB|2
1−|γB |2
}
, (26)
respectively.
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FIG. 3: (color online). The Gaussian quantum steerability GB→B¯ (left) and GB¯→B (right) as functions of
the curvature parameter p and mass parameter ν of the de Sitter space. The initial squeezing parameter is
fixed as s = 0.5.
In Fig. (3) we plot the Gaussian quantum steerability between Bob and anti-Bob as functions of
p and ν with fixed squeezing s = 0.5. It is shown that quantum steerability are generated between
Bob and Anti-Bob when the curvature parameter p is very small and the mass parameter are around
ν = 1/2 and ν = 3/2 . We find that both the GB→B¯ and GB¯→B steerability are generated when
the curvature becomes stronger and stronger. That is to say, Bob and antiBob can steer each other
when the curvature is strong enough even though they are separated by the event horizon, which
verifies the fact that the quantum steerability is one kind of nonlocal quantum correlation.
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FIG. 4: (color online). The Gaussian steerability asymmetry between A and B (left), as well as the
asymmetry between B and B¯ (right) as functions of the curvature parameter p and mass parameter ν of the
de Sitter space. The initial squeezing parameter is fixed as s = 0.5.
To check the degree of steerability asymmetric in de Sitter space, we compute the Gaussian
steerability asymmetry |GA→B − GB→A| and |GB→B¯ − GB¯→B|. In Fig. (4) we plot the Gaus-
sian steerability asymmetry between Alice and Bob, as well as the asymmetry between Bob and
anti-Bob as functions of the curvature and mass parameters. As shown in Fig. (4a), the steer-
ability asymmetry between Alice and Bob increases with decreasing curvature parameter p, which
demonstrates that the space curvature destroys the symmetry of initial steerability. It is shown
that the condition which sets maximizing the steerability asymmetry between Alice and Bob is
|γB| =
√
1−sech(2s)
2
, which is exactly the “sudden death” condition of A → B steerability in Fig.
(2). That is, the steerability asymmetry takes the maximum value when the state is un-steerable
in the A→ B direction. The attaining of the peak of steerability asymmetry indicates the system
experiences a transformation from bidirectional steerability to unidirectional steerability.
In Fig. (4b) we can see that the maximum steerability asymmetry between Bob and anti-Bob
is also attained at |γB| =
√
1−sech(2s)
2
, which is identical with the condition of the A − B steer-
ing asymmetry. Different from the Alice-Bob asymmetry, the attainment of maximal steerability
asymmetry between Bob and anti-Bob indicates the transition from unidirectional steerability to
bidirectional steerability in the de Sitter space. It is interesting to note that, like the A − B steer-
ability asymmetry, the steerability asymmetry disappear in the limit of infinite curvature p → 0
for ν = 1/2 (conformal) and ν = 3/2 (massless). However, the steerability asymmetry disappears
because both theA→ B andB → A steerability equal to zero in this limit. Differently, theB−B¯
steerability is symmetry when both the B → B¯ and B¯ → B steerability take their maximum val-
13
ues. This phenomenon is nontrivial because the quantum steerability is usually asymmetry in the
flat spacetime [43]. We know that the quantum steering is asymmetry in the flat space because the
parameters µA and µB are usually different from each other. This may indicates that the subsystem
B and B¯ is symmetry in the conformal scalar and massless scalar limit, which deserves further
study.
V. CONCLUSIONS
We have studied the distribution of steerability among the modeA(B) described by Alice (Bob)
in the de Sitter region R, and the complimentary mode B¯ described by a hypothetical observer
anti-Bob in the causally disconnected region L. We first derive the Bogoliubov transformation
between the Euclidean vacuum and the open chart vacua and then obtain a phase-space description
of quantum state evolution for continuous variables. We find that the quantum steerability is
apparently affected by the curvature of de Sitter space for ν = 1/2 (conformal) and ν = 3/2
(massless). It is shown that the A → B steerability suffers from “sudden death”, which is quite
different from the behaviors of entanglement and discord because the latter always survives while
the former vanishes only in the limit of infinite curvature [32]. In de Sitter space, Bob and antiBob
can steer each other when the curvature is strong enough even though they are separated by the
event horizon. To verify the asymmetric property of steerability in de Sitter space, we compare the
A−B andB−B¯ steerability asymmetry. In addition, the maximum asymmetry are obtained when
the A → B steerability experiences “sudden death”. That is to say, the attainment of maximal
steerability asymmetry indicates a transition between unidirectional steerable and bidirectional
steerable in de Sitter space. Unlike the flat space, the asymmetry of quantum steerability can be
completely destroyed in the limit of infinite curvature for some special scalar fields.
Acknowledgments
This work is supported by the Science and Technology Planning Project of Hunan Province
under Grant No. 2018RS3061; and the Natural Science Fund of Hunan Province under Grant No.
2018JJ1016; and the National Natural Science Foundation of China under Grant No. 11675052
and No. 11475061.
14
Appendix A: Covariance Matrix of a Two-Mode Squeezed State in phase space
In this appendix, we compute the covariance matrix of a two-mode squeezed quantum state in
phase space. Firstly we introduce the quantities xˆi and pˆi such that
xˆ
B(B¯)
i
=
1√
2
(
aˆ
B(B¯)
i
+ aˆ
B(B¯)†
i
)
(A1)
pˆ
B(B¯)
i
= − i√
2
(
aˆ
B(B¯)
i
− aˆB(B¯)†
i
)
. (A2)
Let us now introduce the characteristic function. It is a real function defined on a four-
dimensional real space, given by
χ(ξ) = Tr
[
ρˆWˆ(ξ)
]
, (A3)
where ρˆ is obviously the density operator and Wˆ(ξ) is the Weyl operator, namely Wˆ(ξ) = eiξTRˆ,
with Rˆ =
(
xˆB
i
, pˆB
i
, xˆB¯−i, pˆ
B¯
−i
)T ≡ (Rˆ1, Rˆ2, Rˆ3, Rˆ4)T.
As a Gaussian state, the two-mode squeezed state has a Gaussian characteristic function given
by χ(ξ) = e−ξ
Tγξ/4,where γ is the covariance matrix, related to the two-point correlation functions
by 〈RˆjRˆk〉 = γjk/2 + iJjk/2. Here, J is the commutator matrix, iJj,k = [Rˆj , Rˆk], given by
J = J1 ⊕ J1 with J1 =

 0 1
−1 0

 . For a two-mode Gaussian state, the characteristic function
χ(ξ) (where the components of ξ are denoted as ξ1, ξ2, ξ3 and ξ4) can be written as [49]
χ(ξ) = Tr
[
Sˆ(γp)|0Ai , 0B−i〉〈0Ai , 0B−i|Sˆ†(γp)eiξ1Rˆ1+iξ2Rˆ2+iξ3Rˆ3+iξ4Rˆ4
]
(A4)
= Tr
[
|0A
i
, 0B−i〉〈0Ai , 0B−i|Sˆ†(γp)eiξ1Rˆ1+iξ2Rˆ2+iξ3Rˆ3+iξ4Rˆ4Sˆ(γp)
]
(A5)
=
∞∑
n=0
∞∑
n′=0
〈ni, n′−i|0Ai , 0B−i〉〈0Ai , 0B−i|Sˆ†(γp)eiξ1Rˆ1+iξ2Rˆ2+iξ3Rˆ3+iξ4Rˆ4Sˆ(γp)|ni, n′−i〉 (A6)
= 〈0A
i
, 0B−i|Sˆ†(γp)eiξ1Rˆ1+iξ2Rˆ2+iξ3Rˆ3+iξ4Rˆ4Sˆ(γp)Rˆ(θk)|0Ai , 0B−i〉 (A7)
= 〈0A
i
, 0B−i|Sˆ†(γp)eiξ1Rˆ1+iξ2Rˆ2e+iξ3Rˆ3+iξ4Rˆ4Sˆ(γp)|0Ai , 0B−i〉 (A8)
= eiξ1ξ2/2+iξ3ξ4/2〈0A
i
, 0B−i|Sˆ†(γp)eiξ1Rˆ1eiξ2Rˆ2eiξ3Rˆ3eiξ4Rˆ4Sˆ(γp)|0Ai , 0B−i〉, (A9)
where the Baker-Campbell-Hausdorff formula eAˆ+Bˆ = e−[Aˆ,Bˆ]/2eAˆeBˆ have been used, which is
valid if the operators Aˆ and Bˆ commute with [Aˆ, Bˆ]. The next step is introducing the operator
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SˆRˆ(SˆRˆ)† between the exponential factors. To this end we calculate [49]
Sˆ†(γp)e
iξ1Rˆ1Sˆ(γp) = Sˆ
†(γp)
∞∑
n=0
1
n!
inξn1 Rˆ
n
1 Sˆ(γp) (A10)
=
∞∑
n=0
1
n!
inξn1 Sˆ
†(γp)Rˆn1 Sˆ(γp). (A11)
By using the fact that
Sˆ†Rˆn1 Sˆ = Sˆ
†Rˆ1SˆSˆ†Rˆn−11 Sˆ = Sˆ
†Rˆ1SˆSˆ†Rˆ1SˆSˆ†Rˆn−21 Sˆ =
(
Sˆ†Rˆ1Sˆ
)n
, (A12)
one can rewrite the series as [49]
Sˆ†(γp)eiξ1Rˆ1Sˆ(γp) =
∞∑
n=0
1
n!
inξn1
[
Sˆ†(γp)Rˆ1Sˆ(γp)
]n
(A13)
= eiξ1Sˆ
†(γp)Rˆ1Sˆ(γp). (A14)
Using this result for the four terms of the characteristic function, we arrive at
χ(ξ) = eiξ1ξ2/2+iξ3ξ4/2〈0A
i
, 0B−i|eiξ1Sˆ
†Rˆ1Sˆeiξ2Sˆ
†Rˆ2Sˆeiξ3Sˆ
†Rˆ3Sˆeiξ4Sˆ
†Rˆ4Sˆ|0A
i
, 0B−i〉. (A15)
To proceed, one has to evaluate the four terms Sˆ†RˆiSˆ, which are [49]
Ωˆ1 ≡ Sˆ†(γp)Rˆ1Sˆ(γp) = (Rˆ1 − Rˆ2) cosh γp + (Rˆ3 + Rˆ4) sinh γp, (A16)
Ωˆ2 ≡ Sˆ†(γp)Rˆ2Sˆ(γp) = (Rˆ1 + Rˆ2) cosh γp + (Rˆ3 − Rˆ4) sinh γp, (A17)
Ωˆ3 ≡ Sˆ†(γp)Rˆ3Sˆ(γp) = (Rˆ1 + Rˆ2) sinh γp + (Rˆ3 − Rˆ4) cosh γp, (A18)
Ωˆ4 ≡ Sˆ†(γp)Rˆ4Sˆ(γp) = (Rˆ1 − Rˆ2) sinh γp + (Rˆ3 + Rˆ4) cosh γp. (A19)
Then we find that the characteristic function takes the form [49]
χ(ξ) = eiξ1ξ2/2+iξ3ξ4/2〈0B
i
, 0B¯−i|e−iξ1ξ2/2eiξ1Ωˆ1+iξ2Ωˆ2e−iξ3ξ4/2eiξ3Ωˆ3+iξ4Ωˆ4|0Bi , 0B¯−i〉 (A20)
= 〈0B
i
, 0B¯−i|eiξ1Ωˆ1+iξ2Ωˆ2+iξ3Ωˆ3+iξ4Ωˆ4|0Bi , 0B¯−i〉 (A21)
= 〈0B
i
, 0B¯−i|eiη1Rˆ1+iη2Rˆ2+iη3Rˆ3+iη4Rˆ4 |0Bi , 0B¯−i〉 (A22)
≡ χvac(η1, η2, η3, η4), (A23)
where the coefficients ηi can be expressed as
η1 = ξ1 cosh γp + (ξ2 + ξ3 + ξ4) sinh γp, (A24)
η2 = (−ξ1 + ξ2) cosh γp + (ξ3 − ξ4) sinh γp, (A25)
η3 = (ξ1 + ξ2) sinh γp + (ξ3 + ξ4) cosh γp, (A26)
η4 = (ξ1 − ξ2) sinh γp + (−ξ3 + ξ4) cosh γp. (A27)
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Since the definition of the covariance matrix γ is given by the expression [49]
χ(ξ1, ξ2, ξ3, ξ4) = e
−ξTγξ/4. (A28)
It implies that
4∑
i=1
η2i =
4∑
i=1
4∑
j=1
γijξiξj, (A29)
which allows us to infer the components of the covariance matrix.
Using the above expressions of the correlation matrixes, the explicit form of the two-point
correlators are obtained by some lengthy but straightforward calculations, which are
〈xˆB
i
xˆB
i
〉 = 〈xˆB¯−ixˆB¯−i〉 = cosh(2γp), 〈pˆBi pˆBi 〉 = 〈pˆB¯−ipˆB¯−i〉 = cosh(2γp) (A30)
〈xˆB
i
xˆB¯−i〉 =
1
2
sinh(2γp), 〈pˆBi pˆB¯−i〉 = −
1
2
sinh(2γp), (A31)
〈xˆB
i
pˆB¯−i〉 = 〈pˆBi xˆB¯−i〉 =
1
2
sinh(2γp), . (A32)
Then one obtains the following covariance matrix
σBB¯(γB) =


cosh (2γp) 0 sinh (2γp) sinh (2γp)
0 cosh (2γp) sinh (2γp) − sinh (2γp)
sinh (2γp) sinh (2γp) cosh (2γp) 0
sinh (2γp) − sinh (2γp) 0 cosh (2γp)

 , (A33)
where cosh γB = (
√
1− |γB|2)−1.
Appendix B: The definition and measurement of quantum steerability
In this appendix we introduce the conception and definition of quantum steerability. Under a
set of measurementsMA on Alice, a bipartite system is A → B steerable—i.e., Alice can steer
Bob—iff it is not possible for every pair of local observables RA ∈MA on A and RB on B (with
respective outcomes rA and rB), to express the joint probability as [8]
P (rA, rB|RA, RB, ρAB) =
∑
λ
℘λ ℘ (rA|RA, λ)P (rB|RB, ρλ) , (B1)
where ℘λ and ℘ (rA|RA, λ) are probability distributions, involving the local hidden variable λ. In
addition, P (rB|RB, ρλ) is the conditional probability distribution associated to the extra condition
of being evaluated on the state ρλ. That is, at least one measurement pair RA and RB must violate
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the expression in Eq. (C1) when ℘λ is fixed across all measurements. The probability distribution
P (rB|RB, ρλ) means that a complete knowledge of Bob’s devices (but not of Alice’s ones) is
required to formulate the steering condition [8].
Here we consider the fully Gaussian scenario, where the initial state is a Gaussian state and the
observers’ measurement setsMA,B are also Gaussian (i.e., mapping Gaussian states into Gaussian
states). A Gaussian measurement can be described by a positiveGaussian operator with covariance
matrix TRA , satisfying
TRA + iΩA ≥ 0. (B2)
Once Alice makes a measurement RA and gets an outcome rA, Bob’s conditioned state ρ
rA|RA
B is
Gaussian. The covariance matrix of Bob after Alice’s measurement is given by [8]
BRA = B − C(TRA + A)−1CT, (B3)
which is independent of Alice’s outcome.
As has been shown in [8], a Gaussian state ρAB is A → B steerable by Alice’s Gaussian
measurements iff the condition
σAB + i (0A ⊕ ΩB) ≥ 0, (B4)
is violated. Henceforth, a violation of Eq. (B4) is necessary and sufficient for Gaussian A → B
steerability. Writing this in matrix form, using the covariance matrix in Eq. (12) of the main
manuscript, the nonsteerability inequality Eq. (B4) is equivalent to two simultaneous conditions:
(i) A > 0, and (ii) MBσ + iΩB ≥ 0, where MBσ = B − CTA−1C is the Schur complement
of A in the covariance matrix σAB [8]. Condition (i) is always verified for any physical co-
variance matrix. Therefore, σAB is A → B steerable iff the symmetric matrix MBσ is not a
bona fide covariance matrix, i.e., if condition (ii) is violated [8]. According to Williamson’s theo-
rem [46], the symmetric matrixMBσ is diagonalized by a symplectic transformation SB such that
SBM
B
σ S
T
B = diag{ν¯B1 , ν¯B1 , . . . , ν¯Bm, ν¯Bm}, where {ν¯Bj } are the symplectic eigenvalues ofMBσ . Then
the degree of A→ B steerability can be measured by [43]
GA→B(σAB) := max
{
0, −
∑
j:ν¯Bj <1
ln(ν¯Bj )
}
, (B5)
which quantifies the amount by which the condition given by Eq. (B4) fails to be fulfilled. This is
the Gaussian A→ B steerability, which is invariant under local symplectic operations, it vanishes
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iff the state described by Eq. (12) of the main manuscript is nonsteerable by Gaussian measure-
ments. In other words, the A→ B steerability in fact quantifies the degree by which the condition
(B4) fails to be fulfilled by Alice’s measurement.
Clearly, the Gaussian B → A steering can also be obtained by swapping the roles of A and
B, resulting in an expression like Eq. (B5), in which the symplectic eigenvalues of the Schur
complement of B, MAσ = A − CB−1CT, appear instead. When the steered party has one mode
only,MBσ has a single symplectic eigenvalue
ν¯B =
√
detMBσ . (B6)
By defining the Schur complement det σAB = detA detM
B
σ , one can obtain that
GA→B(σAB) = max
{
0, 1
2
ln detA
detσAB
}
= max
{
0, S(A)− S(σAB)
}
, (B7)
which is Eq. (14) of the main manuscript. To compute the quantum steering we only need to
get the interplay between the global purity µ = 1/
√
det σAB and the one-side purities µA(B) =
1/
√
detA(B). Employing the ratio η = (µAµB)/µ, one finds that all physical two-modeGaussian
states live in the region η0 ≤ η ≤ 1 where η0 = µAµB + |µA − µB| [43]. States with ηs ≤ η ≤ 1
where ηs = µA+µB−µAµB are necessarily separable, states with η0 ≤ η < ηe are entangled [43],
where ηe =
√
µ2A + µ
2
B − µ2Aµ2B. Within the entangled region, states which satisfy η ≥ {µA, µB}
are nonsteerable; states with η < µB are A → B steerable; states with η < µA are B → A
steerable. For this reason we can see that the quantum steering is asymmetry in the flat space
because µA and µB are usually different from each other. In fact, the asymmetry of steering for
Gaussian states in flat space has been experimentally demonstrated in [20].
Appendix C: Covariance matrix for the final state of the entire system
The final state given in Eq. (19) of the main manuscript is the phase space description of the
tripartite system after the curvature-induced squeezing transformation. The covariance matrix for
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the final state of the entire system is [50]
σABB¯(s, r) =
[
IA ⊕ SB,B¯(γp)
][
σ
(M)
AB (s)⊕ IB¯
]
[
IA ⊕ SB,B¯(γp)
]
=


σA EAB EAB¯
ETAB σB EBB¯
ET
AB¯
ET
BB¯
σB¯

 , (C1)
where σ
(G)
AB (s) ⊕ IB¯ is the initial state of the entire system. In Eq. (C1) the diagonal elements
have the following forms: σA = cosh(2s)I2, σB = [cosh(2s) cosh
2(γp) + sinh
2(γp)]I2, σB¯ =
[cosh2(γp)+ cosh(2s) sinh
2(γp)]I2. The non-diagonal elements are EAB = [cosh(γp) sinh(2s)]Z2,
EBB¯ = [cosh2(s) sinh(2γp)]Z2,and EAB¯ = [sinh(2s) sinh(γp)]Z2, where
Z2 =

1 0
0 −1

 . (C2)
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